We present an envelope approximation formalism to study three-dimensional photonic crystal heterostructures which only requires knowledge of the bulk crystal band structure and heterostructure design. Applying this method to photonic crystal waveguides, we predict within 1% accuracy the frequencies of guided modes and obtain the correct waveguided mode shapes. We show that guided modes are allowed for wave vectors where the curvature of a band in a direction perpendicular to the plane of the waveguide has the same sign as the refractive index contrast between the core and the cladding. We show that elementary waveguide theory can be employed to compute mode shapes and dispersion relations.
I. INTRODUCTION
Photonic crystals have been the subject of intense theoretical work over the past decade, marked by the development of plane-wave techniques adapted to periodic structures, 1 transfer matrix methods, 2 and different types of numerical schemes to solve Maxwell's equations. 3 The computation of the band structure of photonic crystals is now a wellestablished process, both in two-and three-dimensional structures.
Just like homogeneous bulk electronic crystals, photonic crystals on their own are of limited use. It has been proposed to take advantage of their unique properties by introducing defects to make waveguides, 4 -6 bends, 7 branches, 8 and filters. 9 When the length scale of these defects is substantially greater than the lattice constant, we call them heterostructures by analogy with semiconductor devices made by the assembly of different types of crystals.
Whereas computations on bulk crystals can be carried out using well-known techniques, the theoretical study of heterostructures and other defects represents a significant computational challenge. The fully vectorial solution of Maxwell's equations on a nonperiodic structure is memory and time intensive. For this reason, most work to date has been focused on two-dimensional ͑2D͒ structures.
In the present work, we investigate photonic crystal heterostructures using an envelope formalism. Our method focuses on the envelope of the modes while accounting for the essential consequences of the crystalline structure of the constituents of the heterostructure. This approach allows us to investigate 3D crystals and provides a physical picture of the behavior of light inside the superstructure. To demonstrate this, we employ our method to study photonic crystal waveguides, showing how waveguiding in photonic crystals can be explained in analogy with available formalism used in analyzing dielectric waveguides. We show that the quantitative results obtained using the envelope formalism are in excellent agreement with a fully fledged computation of the modes in photonic crystal waveguides.
Our approach is inspired by the formalism developed by Slater 10 in 1949 to explain the motion of electrons in perturbed periodic lattices. By applying the results of Wannier, 11 Slater showed that in the presence of a slowly varying perturbation of the lattice ␦V, the envelope ⌿(r) of the electron wave function obeys the Schrödinger-like equation
where E is the energy of the electron and E 0 (Ϫiបٌ) is the operator obtained from the energy E 0 (p) of an electron in an unperturbed lattice by replacing the momentum components by their associated derivative operators. This work laid the foundation of the effective-mass theory used in the 1950's to calculate the energy states of donors and acceptors in semiconductors. [12] [13] [14] In semiconductor physics, both small-scale defects such as impurities, and large-scale perturbations such as heterojunctions, are required to build useful devices. The investigation of each type of defect requires its own theoretical apparatus. In the case of photonic crystals, states localized by small-scale defects have been addressed recently 15 using concepts derived from Wannier's theory. In this work, we provide a way of studying heterostructures, whose dimensions are substantially larger than the crystal dimensions. We show that in these circumstances the envelope of the electromagnetic field obeys an equation similar to Eq. ͑1͒. This will allow us to provide a rigorous derivation of the intuitive idea behind the envelope approximation formalism depicted in Fig. 1 : once the dispersion relations of the constituent materials arising from crystal-length-scale features are obtained, these may then be used as effective-medium inputs to the solution of the heterostructure in the slowly varying envelope picture.
II. ENVELOPE APPROXIMATION FORMALISM
In bulk photonic crystals defined by the periodic dielectric constant ⑀(r), the electric field modes E nk with frequencies n satisfy the wave equation
By the Bloch-Floquet theorem, the modes take the form
where the Bloch functions u nk have the periodicity of the lattice. As discussed in Ref. 16 , the electric field modes are orthogonal to one another with respect to the dielectric constant
Similarly, the Bloch functions are normalized over a unit cell of volume V 0 so that
͑5͒
In this paper, we consider heterostructures defined by a spatially varying perturbation ⌬(r) modulating the dielectric constant of the bulk crystal. This modulation varies slowly over a unit cell, which supposes that the length scale of the perturbation is large compared to the lattice constant. The wave equation becomes
Throughout this derivation, the subscript refers to perturbed quantities. We expand the perturbed mode E using the basis of the unperturbed modes
͑7͒
where W n (k) are unknown functions defining the expansion of the mode in k space. Substituting into the wave equation ͑6͒ and making use of our knowledge of the unperturbed modes Eq. ͑2͒, we obtain
We take the inner product between every member of this equation and a mode E n Ј k Ј , that is, we multiply by E n Ј k Ј * and integrate over the entire crystal. By orthogonality of modes, the leftmost term becomes
The first right-hand-side term is treated in a similar fashion.
To evaluate the term containing the perturbation, we make two approximations. First, we assume that the perturbation varies over a length scale that is much larger than the crystal periodicity. As explained in detail in the appendix, assuming that the Fourier coefficients of ⌬(r) take large values for ͉k͉Ӷ1/a allows us to neglect all but the first term in the Fourier series of u n Ј k Ј * •⑀(r)u nk . Second, we assume that two Bloch modes u n Ј k Ј and u nk associated with different bands are orthogonal to one another even though they are not taken at the same wave vector. This obviates summation over all bands-thus it entails that the perturbation causes negligible coupling between bands. Therefore ͑see the Appendix͒, the perturbation ͑rightmost͒ term of Eq. ͑8͒ becomes
We define F n (r), the Fourier transform of W n (k):
We show later in this work that F n is the envelope function of the mode. The term ͑10͒ contains the inverse Fourier transform of the product ⌬(r)F n Ј (r). Taking the Fourier transform of the projection of Eq. ͑8͒ along E n Ј k Ј and dropping the primes, we obtain the equation describing the behavior of the envelope of the mode of the heterostructure:
where n 2 (Ϫiٌ ជ ) is the operator obtained from n 2 (k) by replacing the wavevector components k x , k y , and k z by the derivatives Ϫi‫ץ/ץ‬x,Ϫi‫ץ/ץ‬y and Ϫi‫ץ/ץ‬z. Throughout this paper, we refer to Eq. ͑12͒ as the envelope equation.
III. INTERPRETATION OF THE ENVELOPE EQUATION
The envelope approximation formalism provides a very simple way of investigating photonic crystal heterostructures. A scalar envelope equation replaces the full vectorial wave equation, and so it may be possible to obtain analytic expressions for the frequency and envelope of the heterostructure modes. The method applies to any type of photonic crystal: only knowledge of its band structure is required, through the operator n 2 (Ϫiٌ ជ ). Therefore, once the crystal has been characterized by other methods, be they computational or experimental, the simulation of heterostructures follows easily
The treatment used in deriving Eq. ͑12͒ requires that the length scale of the heterostructure be significantly larger than that of the crystal. The crystalline structure ͑i.e., periodicity and Bravais lattice͒ must be the same everywhere in the heterostructure for Floquet's theorem to hold. The heterostructure profile must be described by a multiplication by a factor 1ϩ⌬(r). This description of the heterostructure simplifies considerably the mathematical treatment of the problem and places emphasis on the role of expanding/contracting dispersion relations along the energy axis, as we shall see in Sec. V. It describes photonic crystal heterostructures consisting entirely of photonic crystals. To treat a more general class of heterostructures, including air-photonic crystal waveguides, the envelope equation is required to hold in every region of the heterostructure separately. In this case, the envelope function is piecewise defined and the different regions can be joined by satisfying the boundary conditions ͑continuity of the envelope function and of its derivative͒. This approach is similar to that employed in semiconductor physics, where every semiconductor forming the heterostructure is described by a characteristic effective mass.
In deriving the envelope equation, we assumed that the perturbation did not cause significant coupling between the bands. This allowed us to simplify the projection of the rightmost term of Eq. ͑8͒ on a mode of the bulk crystal, leading to expression ͑10͒. This assumption is an excellent one for small perturbations. We note that the constituent rapidly varying media may be high-contrast photonic bandgap materials, at no expense to the validity of solution. It is only the slowly varying heterostructure which is considered perturbatively in the present treatment, and which is subject to the limitations of requirement of a modest perturbation.
We conclude this discussion by showing that the functions F n (r) are the envelope functions of the heterostructure modes. While it is necessary to solve Eq. ͑12͒ for every band, these equations are not independent because they share the eigenvalue . Since it is possible to satisfy only one of these at a time, there exists one perturbed state for every band. We drop the summation over all bands in Eq. ͑7͒ and denote E n ϭ͐W n E nk dk the heterostructure mode having the frequency n associated with band n. The operator n 2 (Ϫiٌ ជ ) can be expanded in the vicinity of the wave vector k 0 of the light in the crystal:
͑13͒
This suggests a solution of the envelope equation of the form
By Eqs. ͑3͒, ͑7͒, ͑11͒, and ͑14͒, the modes may be written
where f nk 0 (k) denotes the inverse Fourier transform of f nk 0 (r). Because the function f nk 0 (r) varies over the same length scale as ⌬(r), as can be seen by substituting Eq. ͑14͒ into ͑12͒, its Fourier components f n (kϪk 0 ) take large values for kϷk 0 only. Assuming that u nk (r)Ϸu nk 0 (r) over this range, we remove u nk 0 (r) from the integral to obtain
The physical meaning of the envelope functions F nk 0 is now clear: they modulate the bulk crystal Bloch functions. This result confirms the validity of the intuitive physical picture presented in Fig. 1 : at the crystalline length scale, the field keeps features similar to that of the bulk material, but its envelope is determined by the heterostructure.
IV. PHOTONIC CRYSTAL WAVEGUIDES
We now solve the photonic crystal waveguide problem using the envelope approximation method. We show that the dispersion relation, shapes and number of modes and singlemode condition are obtained by a treatment similar to that of usual dielectric waveguides.
We consider a slab waveguide parallel to the x-y plane, the z axis being perpendicular to the plane of the guide, as shown in Fig. 1͑a͒ . We define the components of the wave vector in the propagation direction k ʈ and in the transverse direction k Ќ .
The waveguide is regarded as a perturbation from the bulk crystal. For a guide of width 2L and dielectric contrast ⌬ 0 , the perturbation is defined as
Because of the assumptions of the envelope approximation method, the core and the cladding must have the same Bravais lattice and periodicity.
Since the perturbation is a function of z only, the envelope function solution must depend on z only. Due to the symmetry of the waveguide, the derivatives appearing in the envelope equation must be of even order. The wave vector k 0 must correspond to an extremum of the band structure in the transverse (k Ќ or k z ) direction, which ensures that ‫ץ‬ n 2 (k 0 )/‫ץ‬k z ϭ0. If terms are kept up to second order in the Taylor expansion ͑13͒, and using Eq. ͑14͒, the envelope equation ͑12͒ becomes
where, by analogy with quantum mechanics, we define
an effective-mass-like term describing the curvature of the band. Although we assume that the bands are well approximated by a quadratic expansion, this does not have to be the case for the general method developed herein to apply: higher-order terms could be retained at the expense of increased complexity. The solution of Eq. ͑18͒ is
B sin͑Kz͒ for ͉z͉ϽL ͑ odd modes͒,
The frequency can be eliminated to give the equation of an ellipse
Enforcing the continuity of the solution and of its derivative at the interface zϭϮL gives an additional equation
for the even modes or vϭu tan͑uϪ/2͒ ͑27͒ for the odd modes. In summary, the guided modes are given by the intersection of two curves: the ellipse ͑23͒ and one of the functions ͑26͒ or ͑27͒. There exists at least one even mode. The singlemode condition is given by UϽ/2, or
The formalism employed to find the number and frequency of guided modes and the single-mode condition is similar to that encountered in the study of slab dielectric waveguides. The major difference is the effective-mass-like term which controls the size of the ellipse and affects the number of allowed modes. Since the band structure is usually anisotropic, the guiding properties depend on the orientation of the waveguide with respect to the crystal. The transverse band structure curvature is an additional parameter that can be engineered to achieve desired waveguiding properties such as modal group velocity or dispersion.
In deriving these results, no assumption has been made regarding the dielectric contrast ⌬ 0 between the core and the cladding. As such, guided modes can exist even though the average refractive index in the core is lower than that of the cladding ͑i.e., ⌬ 0 Ͻ0), provided m Ќ is negative too. The envelope approximation formalism allows us to state this important conclusion: photonic crystal waveguiding is possible for wave vectors where the curvature of the band in the transverse direction has the same sign as the dielectric contrast between the core and the cladding. Figure 2 illustrates the mechanism of photonic crystal waveguiding assuming that the contrast ⌬ 0 and the transverse curvature of the band are both positive. The band structure in the core is compressed vertically by a factor of ͱ1ϩ⌬ 0 compared to that of the cladding. This creates a frequency range where light is allowed to propagate in the core but not in the cladding. A full bandgap in the cladding material is therefore not required to achieve waveguiding. The analogous mechanism applies when ⌬ 0 and the curvature of the band are both negative.
VI. QUANTITATIVE RESULTS
We have analyzed a slab waveguide using the envelope formalism developed herein. We consider 2D photonic crystals to enable full quantitative comparison of envelope function results with exact numerical results. 3D crystals represent a particularly powerful application of the envelope function formalism, but one which does not at the present time lend itself to comparison between envelope function and exact numerical results.
The photonic crystal under study is a square lattice of vertical rods ͑i.e., oriented in the y direction, the axes being defined as in Fig. 1͑a͒ . The rods have a radius of 0.2a and the width of the waveguide is 2Lϭ4a.
We compute the band structure of the bulk crystal using the MIT photonic-bands package ͑MPB͒, 17 which solves the fully vectorial Maxwell's equations with periodic boundary conditions. 18 We also use MPB to compute the modes of the 2D waveguide by taking a cross section perpendicular to the axis of the rods. Because of translational symmetry in the vertical direction, the 2D computation provides a valid means of comparison with the 3D modes calculated using the envelope function method. However, since MPB assumes periodic boundary conditions, the waveguiding structure simulated is a superlattice. Using supercells of width 32a was usually sufficient to prevent coupling between the parallel waveguides. A wider spacing was used for weakly guided modes.
The waveguide treatment presented above applies when the bands are well approximated by a quadratic expansion, which is the case for the two first bands. Henceforth, we focus on this portion of the band structure.
We begin by considering the case in which the average index in the core is higher than in the cladding. For the cladding material, the rods have ⑀ϭ10 and the background medium is air. We choose a contrast ⌬ 0 ϭ0.1, which means that the rods in the core have ⑀ϭ11 and lie in a medium of ⑀ϭ1.1. ͑This value being close to ⑀ϭ1, the same background material could be used in both core and cladding in actual device designs.͒ Guided modes will exist where the curvature is positive, which occurs at k Ќ ϭ0 for the first two bands. Figure 3͑a͒ shows the dispersion relation for k ʈ sweeping the entire first Brillouin zone. The shape of the modes at the edge of the Brillouin zone is shown in Figs. 3͑b͒,3͑c͒. The cross section of the amplitude of the electric field computed numerically with MPB was taken at an arbitrary position along the x axis. The frequency of the modes obtained using the envelope approximation method and numerical 2D computation using MPB match withing a few tenths of percent. As shown, there exists always at least one guided mode. An odd mode is added when the single-mode condition Eq. ͑28͒ ceases to be satisfied.
These results provide a numerical justification of the physical picture presented in the introduction and depicted in Fig. 1͑b͒ . As expected, the rapid variations of the electric field are features due to the crystalline structure, whereas the envelope behaves as though the core and cladding were continuous media.
As mentioned earlier, photonic crystal waveguiding is possible even when the average index in the core is lower than that in the cladding. We interchange the roles of the core and the cladding in the example above: the cladding material is now made of rods of ⑀ϭ11 in a background of ⑀ϭ1.1, while the core is made of rods having ⑀ϭ10 lying in air. In this case, the contrast is ⌬ 0 ϷϪ0.091, the cladding being the reference ͑unperturbed͒ material. Guided modes are allowed where the curvature of the bands is negative, which occurs at k Ќ ϭ/a in the case of the first two bands. As seen in Eq. ͑14͒, this transverse component of the wave vector introduces a modulation to the envelope function in the transverse direction, so that the actual slowly varying envelope of the mode is the function f nk 0 . This modulation explains why the envelope function and actual field have opposite parities. The dispersion relation and shapes of the modes are displayed in Fig. 4 . The frequencies obtained using the envelope approximation match the exact numerical results within 1%. FIG. 3 . Average refractive index higher in the core than in the cladding (k Ќ ϭ0). ͑a͒ Dispersion relation of the waveguide and band structure of the core and cladding materials. ͑b͒ Even and ͑c͒ odd modes of the first band for k ʈ ϭ/a.
